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Fidelity and Coherence Measures from Interference
Daniel K. L. Oi and Johan A˚berg∗
Centre for Quantum Computation, Department of Applied Mathematics and Theoretical Physics,
University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, United Kingdom
By utilizing single particle interferometry, the fidelity or coherence of a pair of quantum states is
identified with their capacity for interference. We consider processes acting on the internal degree
of freedom (e.g., spin or polarization) of the interfering particle, preparing it in states ρA or ρB
in the respective path of the interferometer. The maximal visibility depends on the choice of
interferometer, as well as the locality or non-locality of the preparations, but otherwise depends
only on the states ρA and ρB and not the individual preparation processes themselves. This allows
us to define interferometric measures which probe locality and correlation properties of spatially or
temporally separated processes, and can be used to differentiate between processes that cannot be
distinguished by direct process tomography using only the internal state of the particle.
PACS numbers: 03.67.-a
A defining feature of quantum mechanics is the phe-
nomenon of single particle interference. The ability of
a state to display interference, or of a quantum process
to preserve this ability, are intuitive notions of coherence
and coherent evolution. We elaborate this idea to define
interferometric fidelity and coherence measures, general-
izing the coherent fidelities between quantum channels
introduced in Refs. [1, 2]. Interferometry has played an
important role in the development of theoretical concepts
in quantum mechanics, from which-way experiments [3]
to geometric phases [4]. By introducing mixed states
and quantum channels into this realm, we obtain a rich
structure [5] which we address in this Letter with focus
on coherence. Apart from these fundamental aspects, co-
herence is a prerequisite to quantum information process-
ing. To construct practically useful fault tolerance and
error correction schemes, it is important to understand
the coherence and correlation properties of the processes
that act in physical implementations [6]. The measures
put forward in this Letter provide means to probe these
properties interferometrically.
We briefly review the Mach-Zender interferometer
(Fig. 1a). A single particle passes a beam splitter, which
causes the particle to traverse two paths in superpo-
sition allowing interference at a second beam-splitter.
The probabilities to detect the particle at the outputs,
pA =
1
2 (1 + cosφ) and pB = 1 − pA, depend on a phase
shift φ in one path. The visibility v = [pA(φmax) −
pA(φmin)]/[pA(φmax)+pA(φmin)] of the interference pat-
tern is unity when the two paths are perfectly coherent,
and there is no way, even in principle, to obtain any infor-
mation about which path the particle “actually” took [3].
We now introduce an internal degree of freedom to
the particle (e.g. polarization, spin), described by a
Hilbert space HI , and assume that the beam-splitters
and mirrors do not affect this internal state. A uni-
tary operation U acting on the internal state is placed
in one path (Fig. 1b). If the internal state initially is
|ψ〉, this results in the new interference pattern pA =
2p
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FIG. 1: a) Mach-Zender Interferometer. An initial beam split-
ter places an incident particle into a coherent superposition
of traveling along the lower and upper paths. A phase shifter
introduces a relative phase shift between the two paths before
they recombine on a second beam-splitter, and the final di-
rection of the particle is measured. b) A unitary operation in
one path modifies the interference depending on the overlap
between the interfering states |ψ〉 and U |ψ〉.
1
2 [1+v cos(φ−γ)] with visibility v = |〈ψ|U |ψ〉| and phase
shift γ = arg(〈ψ|U |ψ〉). The internal state entangles with
the path, and path information could be extracted by us-
ing the distinguishability between |ψ〉 and U |ψ〉 to a de-
gree that corresponds to the reduction of visibility. For
a mixed input ρ, the interference can be expressed as
F (ρ) = veiγ = Tr[ρU ] [15]. We refer to F as the inter-
ference function. The phase shift argF (ρ) has been used
to define parallel transport of mixed states [7, 8, 9], but
here we consider the visibility |F (ρ)| of the interference
effect.
If we insert into each path a process acting on the in-
ternal state of the particle, it seems reasonable to ask
how the interference is modified (Fig. 2a). Suppose these
processes can be described by quantum channels, i.e.,
trace-preserving completely positive maps, ΛA and ΛB
respectively, what would be the corresponding interfer-
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FIG. 2: a) The internal state of the particle is affected by the
channels ΛA or ΛB . The gluing and the interference is not
uniquely determined by ΛA and ΛB . b) A generalized Inter-
ferometer is obtained by inserting a variable unitary operator.
This set-up can distinguish all gluings of two given channels.
ence function? Surprisingly [1, 2, 8, 9], the interference is
not determined solely by ΛA and ΛB but additional prop-
erties of the processes are required in order to uniquely
determine F (ρ). More generally, the “marginal” channels
ΛA and ΛB do not uniquely determine the joint operation
Λ acting on the two paths [5]. Adopting the terminology
in Refs. [2, 5], a joint channel Λ is a gluing of the channels
ΛA and ΛB.
In many cases the two processes are independent, e.g.,
they occur at space-like separation and do not pre-share
either classical correlation or entanglement. We call such
a total operation a local subspace preserving (LSP) op-
eration [5]. It has been shown [2] that all possible inter-
ference functions of LSP gluings of channels ΛA and ΛB
can be written as
F (ρ) =
∑
kl
bla
∗
kTr
[
A†kBlρ
]
, (1)
where ||~a||2, ||~b||2 ≤ 1, and {Ak} and {Bl} are arbitrary
but fixed linearly independent Kraus representations [10]
of the channels ΛA and ΛB, respectively.
From Eq. (1) one can see that it is possible to define
an operator A˜0 =
∑
k akAk, and similarly an operator
B˜0, such that F (ρ) = Tr[A˜
†
0B˜0ρ]. In the terminology of
Ref. [1] these are the coherence operators of the processes.
By a unitary transformation it is always possible to find
a Kraus representation with the coherence operator as
one of the Kraus operators. The coherence operator then
corresponds to the environment being undisturbed by the
particle, while the other operators represent cases when
the environment experiences a “scattering event” and the
coherence of the particle is lost.
Another approach to subspace local gluings is to
use Stinespring dilations [11] to represent the channel
ΛA(ρ) = TrEA [UA(ρ ⊗ |EA0 〉〈EA0 |)U†A], where |EA0 〉 is a
state of an environment/ancilla. Using a separate an-
cilla we can similarly represent ΛB. It can be shown [2]
that all LSP Gluings of ΛA and ΛB can be obtained as
Λ(σ) = TrEAEB [Uσ ⊗ |EA0 〉〈EA0 | ⊗ |EB0 〉〈EB0 |U†], where
U = |A〉〈A| ⊗ UA ⊗ IB + |B〉〈B| ⊗ IA ⊗ UB , by varying
the Stinespring dilations (Fig. 3a). Note that the coher-
ence operators can be written A˜0 = 〈EA0 |UA|EA0 〉 and
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FIG. 3: a) LSP gluing of ΛA and ΛB modeled by unitaries
UA and UB acting on the internal state and separate ancillas.
b) SP gluing of ΛA and ΛB , where the paths share a common
ancilla.
B˜0 = 〈EB0 |UB |EB0 〉, which demonstrates that the choice
of Stinespring dilations directly determine the LSP gluing
and hence the interference. One also sees that the coher-
ence operators indeed correspond to the case when the
environment remains unchanged, as mentioned above.
So far we have considered LSP gluings, but we may also
consider more general types of gluings. A subspace pre-
serving (SP) channel does not transfer probability weight
between the two paths, i.e. the particle does not “jump”,
but apart from this restriction the process may use any
communication or shared classical or quantum correla-
tions [5]. In this case the interference function is similar
to Eq. (1), but with bla
∗
k generalized to a matrix Clk satis-
fying CC† ≤ I [2]. Similarly as for the LSP gluings, it can
be shown [2] that all SP gluings can be reached through
various choices of Stinespring dilations of the glued chan-
nels, but with the difference that the two paths share a
common ancilla (Fig. 3b).
The ordinary interferometer has only a limited capac-
ity to determine gluings. By inserting a variable uni-
tary operator in one arm (Fig. 2b) we create a general-
ized interferometer whose generalized interference func-
tion G(ρ, U) can distinguish between all SP (and LSP)
gluings of two given channels [2],
G(ρ, U) =
∑
kl
ClkTr
[
A†kUBlρ
]
. (2)
We can now define fidelity and coherence measures
based on the maximum allowed interference for given
states, in analogy to Uhlmann’s fidelity for states [12]
(extended to channels in Ref. [13]) FUhl(ρA, ρA) =
sup|α〉,|β〉 |〈α|β〉| where |α〉 and |β〉 purify ρA and ρB,
respectively.
If the particle initially is in the internal state |ψ〉,
the first beam-splitter causes the superposition |η〉 =
(|A〉|ψ〉+ |B〉|ψ〉)/√2, where the orthonormal states |A〉
and |B〉 correspond to the two paths of the interfer-
ometer. We define the subspace local coherent fidelity
3F (LSP )(ρA, ρB) as the maximal visibility achievable for
all possible LSP operations preparing ρA and ρB in their
respective path, i.e. all LSP operations Λ such that
〈A|Λ(|η〉〈η|)|A〉 = ρA/2 and 〈B|Λ(|η〉〈η|)|B〉 = ρB/2.
Hence,
F (LSP )(ρA, ρB) = sup
||~a||2,||~b||2≤1
|F (|ψ〉〈ψ|)|, (3)
where ~a and ~b are as in Eq. (1). We might expect that
Eq. (3) would depend on the choice of marginal channels
ΛA and ΛB, and that we would have to optimize over all
channels such that ΛA(|ψ〉〈ψ|) = ρA and ΛB(|ψ〉〈ψ|) =
ρB. However, this is not the case as we show below,
F (LSP ) depends only on ρA and ρB , and we can choose
any feasible channels ΛA and ΛB to form the LSP gluings.
Obviously, the choice of initial internal state |ψ〉 does not
matter, as long as it is pure.
Note that F (|ψ〉〈ψ|) = ~a†Q~b, where Q is a matrix with
elements
Qkl = 〈ψ|A†kBl|ψ〉. (4)
It follows that the maximum of |F (|ψ〉〈ψ|)| (fixing ΛA
and ΛB) is equal to the largest singular value of Q.
A set of (not necessarily normalized) pure states {|ak〉}
is a pure decomposition of ρA if ρA =
∑
k |ak〉〈ak|. Let
{|bl〉} be a pure decomposition of ρB and consider the
matrix M with elements Mkl = 〈ak|bl〉. It can be
shown that the singular values of M are independent of
the choices of pure decompositions. In particular, we
may use the spectral decompositions with eigenvalues
λ
A(B)
k and orthonormal eigenvectors |ψ˜A(B)k 〉, to obtain
Mkl = (λ
A
k λ
B
l )
1/2〈ψ˜Ak |ψ˜Bl 〉. The kth singular value of
M is sk(M) = λk(
√√
ρBρA
√
ρB), where λk is the k
th
eigenvalue of the enclosed operator.
Returning to Eq. (4), since ΛA(|ψ〉〈ψ|) = ρA, {Ak|ψ〉}
is a pure decomposition of ρA. Similarly, {Bl|ψ〉} is a
pure decomposition of ρB. Thus, the singular values of Q
are independent of the channels ΛA and ΛB that generate
ρA and ρB, and we obtain
F (LSP )(ρA, ρB) = λmax
(√√
ρBρA
√
ρB
)
, (5)
where λmax denotes the largest eigenvalue.
We define the subspace preserving coherent fidelity
F (SP )(ρA, ρB) similarly as for F (LSP ), but allowing
all SP gluings. It can be shown that the maxi-
mum of |F (|ψ〉〈ψ|)| for all SP gluings is equal to
supCC†≤I |Tr [CQ]| =
∑
k sk(Q), with Q defined in
Eq. (4). Since the singular values of Q are independent
of the chosen channels,
F (SP )(ρA, ρB) = Tr
√√
ρBρA
√
ρB = FUhl(ρA, ρB). (6)
This result is also obtainable from the Stinespring con-
struction of the SP gluings. For all purifications |α〉 and
|β〉 of ρA and ρB, there are Stinespring dilations such that
the resulting gluing (Fig. 3b) implements the transfor-
mation (|A〉+ |B〉)|ψ〉|E0〉/
√
2→ (|A〉|α〉 + |B〉|β〉) /√2,
which has visibility v = |〈α|β〉|, for which the maximum
over all purifications is the Uhlmann fidelity.
The coherent fidelities measure the coherent overlaps
of the two states interfering at the beam-splitter. In keep-
ing with the notion that unitary operations preserve co-
herence (though not necessarily the fidelity) of states,
we would like to characterize purely the coherence of a
preparation. For example, if |ψ〉 and |ψ⊥〉 are orthog-
onal, a possible global state is (|A〉|ψ〉 + |B〉|ψ⊥〉)/√2,
but the coherent fidelity measures are zero. However,
by a subspace local unitary transformation rotating |ψ⊥〉
into |ψ〉, we may regain the maximal visibility reflect-
ing this potential capacity for interference. To quantify
this, we employ the generalized interferometer and de-
fine G(LSP )(ρA, ρB) between two states ρA and ρB as the
maximal visibility that can be reached for all possible
unitary shifts U and for all possible LSP operations that
prepare the states ρA and ρB (Fig. 2b). If we initially fix
U , the calculation of is almost as for previous measures,
except that Eq. (4) is replaced with Q˜kl = 〈ψ|A†kUBl|ψ〉.
We find that the singular values of this matrix are inde-
pendent of the choices of feasible channels, yielding
G(LSP )(ρA, ρB) = sup
U
λmax
(√√
ρBUρAU †
√
ρB
)
=
√
λmax(ρA)
√
λmax(ρB). (7)
Note that this measure is a product between two quanti-
ties each related only to local objects. Similarly, allowing
SP operations in the generalized interferometer yields
G(SP )(ρA, ρB) = sup
U
Tr
√√
ρBUρAU †
√
ρB
=
∑
k
√
λ↓k(ρA)
√
λ↓k(ρB), (8)
where λ↓k denotes the eigenvalues of the enclosed operator
sorted in a non-increasing order.
The interferometric measures introduced in this Let-
ter lend themselves to experiment, and can serve as tools
to probe the dependence or independence of physical
processes. Since these measures are independent of the
marginal channels (ΛA and ΛB), this technique may be
used even if we do not know them. If the input inter-
nal state is pure it suffices to know the states ρA and
ρB. If the visibility exceeds what is obtainable with
LSP gluings, then we can conclude that the total pro-
cess cannot be subspace local. More generally, the in-
terferometric approach allows us to differ between pro-
cesses, although these are indistinguishable if regarded
as operations on the internal state of the particle. For
example, consider the transverse relaxation of a qubit,
turning all input qubit states into incoherent mixtures of
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FIG. 4: In the upper path of an interferometer is a channel
that converts all input states into incoherent mixtures of the
basis states, i.e., transverse relaxation (or T2 process in spin
dynamics). This can arise either from, e.g., a) an effective
measurement modeled by a controlled-NOT onto a measure-
ment qubit, b) by a Hadamard gate applied on the ancillary
qubit, followed by a σz-gate conditioned on the ancilla.
the |0〉 and |1〉 states. This channel can be obtained as
the average output from a projective measurement of σZ
(Fig. 4a). The maximum visibility obtainable with this
process in one path of an interferometer is vmax = 1. The
same marginal channel results from the circuit outlined in
Fig. 4b, however the maximal visibility is vmax = 1/
√
2 in
this case. Thus, the interferometer distinguishes between
these two processes, although a direct process tomogra-
phy on the internal state would reveal no difference.
Although we have described the interferometer in
terms of spatially separated paths and processes, these
interferometric techniques can also be applied to tem-
porally separated processes. Time-bin photonic qubits,
described in Ref. [14], propagating in a material with
minimal effect on the timing of the pulses, may serve as
the spatial degree of freedom in Fig. 1, while the polariza-
tion of the photons corresponds to the internal degree of
freedom. If the polarization decoherence is due to “clas-
sical” perturbations of the optical fibre (e.g. vibration or
thermal stresses) the visibility could be expected to be
high for short time delays, since the two pulses experi-
ence highly correlated noise and thus the gluing would be
described by an SP operation. If the delay time exceeds
the auto-correlation time of the polarization distortions,
the gluing can be described by an LSP operation and the
visibility would drop below the threshold for independent
quantum channels [1].
In conclusion, we define interferometric measures of
fidelity and coherence between states. These quantify
the “quantumness” of the preparation processes, in the
sense that they correspond to the capacity of the opera-
tions to preserve the ability of the particles to interfere.
We define four measures based on the maximal visibility
obtainable in an interferometer, differing with respect to
the locality or non-locality of the preparation procedures,
as well as the choice of interferometer. In the case of the
standard Mach-Zender interferometer and non-local op-
erations in the form of subspace preserving channels [5]
we obtain the Uhlmann fidelity as the maximal visibil-
ity. The operational nature of these measures lend them-
selves to experiment, as well as for investigating coher-
ence and correlation properties of spatially or temporally
separated physical processes, which is important for the
tuning of fault tolerant and error correction schemes to
the characteristics of the underlying processes causing
decoherence [6].
One can consider extending the ideas presented in this
Letter, allowing mixed input states, the concatenation of
several channels which could be generalized to (Marko-
vian) continuous quantum channels, and analogous mea-
sures for the channels themselves.
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